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Abstract
We introduce the concept of Toeplitz–Kreı˘n–Cotlar triplet on ordered groups and we prove a general
dilation result and a general representation result for the positive definite case.
This general result includes and extends previous generalizations of the Kreı˘n extension theorem, the
Sz.-Nagy and Foias commutant lifting theorem and the generalized Herglotz–Bochner–Weil theorem.
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1. Introduction
If Γ is an abelian group and L(H) stands for the space of the bounded linear operators of a
Hilbert space H, an L(H)-valued kernel is a function K :Γ × Γ → L(H).
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n∑
i,j=1
〈
K(xi, yj )hi, hj
〉
H  0
whenever n is a natural number, x1, . . . , xn ∈ Γ and h1, . . . , hn ∈H.
The kernel K is called Toeplitz if there exists a function k :Γ → L(H) such that K(x,y) =
k(x − y) for all x, y ∈ Γ .
As it is well known positive definite Toeplitz kernels appear in many problems of analysis.
Also several problems in analysis lead to the consideration of the so-called generalized
Toeplitz kernels, K defined on Z × Z. These kernels satisfy a more general condition than the
Toeplitz one. It is supposed that there exist four functions (kαβ)α,β=1,2 such that
K(x,y) = kαβ(x − y)
whenever (x, y) ∈ Zα×Zβ , where Z1 = {n ∈ Z: n 0}, Z2 = {n ∈ Z: n < 0}. A similar situation
occurs for R × R.
This notion of generalized Toeplitz kernels was introduced in [16], where a generalization
of the Herglotz–Bochner theorem for such kernels and applications to the Helson–Szegö theo-
rem were obtained. In other papers further developments were given, an important part of this
development is related with the Sarason interpolation theorem [30], the Sz.-Nagy and Foias com-
mutant lifting theorem [33,34] and the Kreı˘n extension theorem [24] (cf. the papers of Arocena,
Cotlar, Sadosky, Bruzual and Domínguez in the bibliography).
Several extensions and applications of these two theorems have been given in [4,8,9,11,12,14,
15,18,21,22,25,27]. See also [10] for more references.
A partition similar to Z = Z1 ∪ Z2 makes sense in general ordered groups (Γ,+), thus an
analogous notion can be defined in this kind of groups. We are going to introduce a more gen-
eral concept, the notion of Toeplitz–Kreı˘n–Cotlar triplet on ordered groups and we will prove a
general dilation result.
This general dilation result include and extends previous generalizations of the Kreı˘n exten-
sion theorem, the Sz.-Nagy and Foias commutant lifting theorem and the generalized Herglotz–
Bochner–Weil theorem. As a tool, the Arveson extension theorem [7] and the Stinespring repre-
sentation theorem [32] are used.
We also obtain a representation result for weakly measurable Toeplitz–Kreı˘n–Cotlar triplets.
The paper is organized as follows. In Section 2 we give some preliminaries definitions and
results. In Section 3 we give the definition of Toeplitz–Kreı˘n–Cotlar triplets and some related
results. In Section 4 we prove our main result. In Section 5 we obtain our main representation
result. Finally, in Section 6 we obtain some corollaries, which include and extend some previous
results.
2. Preliminaries
Definition 2.1. If Ω is an abelian group, Λ is a subset of Ω and L(H) stands for the space of the
bounded linear operators of a Hilbert space H, a function F :Λ → L(H) is said to be positive
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x,y∈Ω
〈
F(x − y)h(x),h(y)〉H  0
for every function h :Ω →H with finite support, such that support(h)− support(h) ⊂ Λ.
Proposition 2.2. Suppose that F :Ω → L(H) is positive definite. Then:
(a) If Ω is a topological group and F is weakly continuous on a neighborhood of 0 then F is
weakly continuous on Ω .
(b) If Ω is a locally compact group and F is weakly measurable on a neighborhood of 0 then F
is weakly measurable on Ω .
Proof. For h ∈H the scalar-valued function
ω → 〈F(ω)h,h〉
is positive definite.
From the corresponding results for scalar-valued functions (see [31, pp. 24, 91]) and the po-
larization formula the result follows. 
Lemma 2.3. Let H1,H2,F be Hilbert spaces and for α = 1,2 let Wα :Hα → F be isometries.
Suppose that (Vω)ω∈Ω is a unitary representation of Ω on L(F) and T ∈ L(F) is a contraction
such that VωT = T Vω for every ω ∈ Ω .
Consider F :Ω → L(H1 ⊕H2) defined by
F(ω) = (Fαβ(ω))α,β=1,2 =
(
W ∗1 VωW1 W ∗1 VωTW2
W ∗2 VωT ∗W1 W ∗2 VωW2
)
,
then:
(a) F is a positive definite function.
(b) There exist a Hilbert space G, a unitary representation (Uω)ω∈Ω of Ω on L(G) and two
isometries τα :Hα → G such that
Fαβ(ω) = τ ∗αUωτβ
and
G =
∨
{Uωτ1h1: ω ∈ Ω, h1 ∈H1} ∨
∨
{Uωτ2h2: ω ∈ Ω, h2 ∈H2}.
(c) If Ω is a topological group and if each function Fαβ , α,β = 1,2, is weakly continuous then
(Uω)ω∈Ω is strongly continuous.
(d) If Ω is a locally compact group and if each function Fαβ , α,β = 1,2, is weakly measurable
then (Uω)ω∈Ω is weakly measurable.
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hα :Ω →Hα is a finite support function, α = 1,2. We have∑
x,y
〈
F(x − y)h(x),h(y)〉H1⊕H2
=
∑
x,y
〈
W ∗1 Vx−yW1h1(x), h1(y)
〉
H1 +
∑
x,y
〈
W ∗1 Vx−yTW2h2(x), h1(y)
〉
H1
+
∑
x,y
〈
W ∗2 Vx−yT ∗W1h1(x), h2(y)
〉
H2 +
∑
x,y
〈
W ∗2 Vx−yW2h2(x), h2(y)
〉
H2
=
∥∥∥∥∑
y
VyW1h1(y)
∥∥∥∥2H1 +
∥∥∥∥∑
x
VxW2h2(x)
∥∥∥∥2H2
+ 2 Re
(〈∑
x
VxTW2h2(x),
∑
y
VyW1h1(y)
〉
H1⊕H2
)

(∥∥∥∥∑
y
VyW1h1(y)
∥∥∥∥H1 −
∥∥∥∥∑
x
VxW2h2(x)
∥∥∥∥H2
)2
 0,
since ∣∣∣∣〈∑
x
VxTW2h2(x),
∑
y
VyW1h1(y)
〉∣∣∣∣ ∥∥∥∥∑
x
VxTW2h2(x)
∥∥∥∥∥∥∥∥∑
y
VyW1h1(y)
∥∥∥∥
=
∥∥∥∥T ∑
x
VxW2h2(x)
∥∥∥∥∥∥∥∥∑
y
VyW1h1(y)
∥∥∥∥

∥∥∥∥∑
x
VxW2h2(x)
∥∥∥∥∥∥∥∥∑
y
VyW1h1(y)
∥∥∥∥.
(b) Since F is positive definite, from Naimark theorem (see [34, Theorem 7.1]) it follows that
there exist a Hilbert space G, a unitary representation (Uω) of Ω on L(G) and a bounded operator
R :H1 ⊕H2 → G such that
F(ω) = R∗UωR.
For α = 1,2 let iα :Hα →H1 ⊕H2 given by
i1(h1) = h1 ⊕ 0 and i2(h2) = 0 ⊕ h2.
Thus
Fαβ(ω) = i∗αF (ω)iβ = i∗αR∗UωRiβ,
for α,β = 1,2.
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IH1 = W ∗1 IH1⊕H2W1 = W ∗1 V0W1 = (Ri1)∗U0Ri1 = (Ri1)∗IGRi1,
therefore τ1 = Ri1 is an isometry from H1 to G. Analogously, τ2 = Ri2 is an isometry from H2
to G. Also
Fαβ(ω) = i∗αR∗UωRiβ = τ ∗αUωτβ,
for α,β = 1,2.
In order to obtain the minimality condition it is enough to replace G by∨
{Uωτ1h1: ω ∈ Ω, h1 ∈H1} ∨
∨
{Uωτ2h2: ω ∈ Ω, h2 ∈H2}.
(c) Suppose that Ω is a topological group. Take h1, h′1 ∈H1 and h2, h′2 ∈H2, let h = τ1h1 +
τ2h2, h′ = τ1h′1 + τ2h′2. We have
〈Uωh,h′〉G =
〈
F11(ω)h1, h
′
1
〉
H1 +
〈
F21(ω)h1, h
′
2
〉
H2 +
〈
F12(ω)h2, h
′
1
〉
H1 +
〈
F22(ω)h2, h
′
2
〉
H2 .
Note that we have the function
ω → 〈Uωh,h′〉G
is continuous for h and h′ on a dense subset of G. Taking limit and using that (Uω)ω∈Ω is unitary
we obtain the result.
Finally (d) follows in an analogous way. 
3. Toeplitz–Kreı˘n–Cotlar triplets
Let (Γ,+) be an abelian group with neutral element 0Γ . Γ is an ordered group if there exists
a set Γ+ ⊂ Γ such that:
Γ+ + Γ+ = Γ+, Γ+ ∩ (−Γ+) = {0Γ }, Γ+ ∪ (−Γ+) = Γ.
In this case if x, y ∈ Γ we write x  y if y − x ∈ Γ+, we also write x < y if x  y and x = y,
so Γ+ = {γ ∈ Γ : γ  0Γ }. If there is not possibility of confusion, we will use 0 instead of 0Γ .
When Γ is a topological group it is supposed that Γ+ is closed.
If a, b ∈ Γ and a < b,
(a, b) = {x ∈ Γ : a < x < b}, [a, b] = {x ∈ Γ : a  x  b}, etc.
In the following Γ is an ordered group, H1, H2 are Hilbert spaces and L(H1,H2) stands for
the space of the continuous linear operators fromH1 toH2 and L(Hα) indicates the space of the
continuous linear operators from Hα to itself (for α = 1,2).
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(i) If the function B : [−b, b] → L(H) satisfies∑
x,y∈[0,b]
〈
B(x − y)h(x),h(y)〉H  0,
for all finite support function h : [0, b] →H, then B is positive definite on [−b, b].
(ii) If the function B : (−b, b) → L(H) satisfies∑
x,y∈[0,b)
〈
B(x − y)h(x),h(y)〉H  0,
for all finite support function h : [0, b) →H, then B is positive definite on (−b, b).
Proof. (i) Let h :Γ →H with finite support such that support(h) − support(h) ⊂ [−b, b]. Sup-
pose that support(h) = {γ1, . . . , γn}, where γ1 < γ2 < · · · < γn, then γn − γ1  b. Consider
h′(γ ) = h(γ + γ1). We have support(h′) ⊂ [0, b] and∑
x,y∈Γ
〈
B(x − y)h(x),h(y)〉H = ∑
x,y∈[0,b]
〈
B(x − y)h′(x), h′(y)〉H  0.
The proof of (ii) is analogous. 
As we said Γ+ = {γ ∈ Γ : γ  0}, let Γ− = −Γ+ and Γ ′− = Γ− \ {0}. In the following, let
Q1 = Γ+, or Q1 = [0, a] = {x ∈ Γ : 0 x  a},
where a ∈ Γ , a > 0. Also
Q2 = −Q1 or Q2 = −Q1 \ {0}.
Remark 3.2.
(i) If Q1 = Γ+ and Q2 = Γ−, then Q1 −Q1 = Q2 −Q2 = Γ and Q1 −Q2 = Γ+.
(ii) If Q1 = Γ+ and Q2 = Γ ′−, then Q1 −Q1 = Q2 −Q2 = Γ and Q1 −Q2 = Γ+ \ {0}.
(iii) If Q1 = [0, a] and Q2 = [−a,0], then Q1 − Q1 = Q2 − Q2 = [−a, a] and Q1 − Q2 =
[0,2a].
(iv) If Q1 = [0, a] and Q2 = [−a,0), then Q1 − Q1 = [−a, a], Q2 − Q2 ⊂ [−a, a] and Q1 −
Q2 = (0,2a].
Definition 3.3. A Toeplitz–Kreı˘n–Cotlar triplet, C, on (Γ,Q1,Q2,H1,H2) consists of three
functions
Cαβ :Qα −Qβ → L(Hα,Hβ) α,β = 1,2, α  β.
If C is a Toeplitz–Kreı˘n–Cotlar triplet we define C21(γ ) = C12(−γ )∗ for γ ∈ Q2 −Q1.
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positive definite if
2∑
α,β=1
∑
(x,y)∈Qα×Qβ
〈
Cαβ(x − y)hα(x),hβ(y)
〉
Hβ  0
for all pair of functions hα :Γ →Hα with finite support, such that support(hα)− support(hβ) is
contained in Qα −Qβ , α,β = 1,2.
Remark 3.5. A Toeplitz–Kreı˘n–Cotlar triplet is a particular case of a Toeplitz–Kreı˘n–Cotlar
form, according to the definition given in [3].
Lemma 3.6. Let C be a Toeplitz–Kreı˘n–Cotlar triplet on (Γ,Q1,Q2,H1,H2). Suppose that one
of the following holds:
(A) Q1 = [0, a] and Q2 = [−a,0], where a ∈ Γ , a > 0.
(B) Q1 = Γ+ and Q2 = Γ−.
(C) Q1 = Γ+ and Q2 = Γ ′−.
If
2∑
α,β=1
∑
(x,y)∈Qα×Qβ
〈
Cαβ(x − y)hα(x),hβ(y)
〉
Hβ  0
for all pair of finite support functions hα :Qα →Hα , then C is positive definite.
Proof. Let hα :Γ →Hα be finite support functions and suppose that support(hα)− support(hβ)
is contained in Qα −Qβ , α,β = 1,2.
It is enough to show that there exists γo ∈ Γ such that, if
h′α(γ ) = hα(γ + γo) for α = 1,2,
then support(h′α) ⊂ Qα for α = 1,2.
Therefore, if
support(h1) = {x1, . . . , xm} and support(h2) = {y1, . . . , yn},
where x1 < x2 < · · · < xm and y1 < y2 < · · · < yn, we need to find γo ∈ Γ such that
[x1 − γo, xm − γo] ⊂ Q1, [y1 − γo, yn − γo] ⊂ Q2.
Since support(h1)− support(h2) ⊂ Q1 −Q2, we have that x1 − yn ∈ Q1 −Q2.
If Q1 = Γ+ and Q2 = Γ−,
y1 − x1 < y2 − x1 < · · · < yn − x1  0 < x2 − x1 < · · · < xm − x1,
so we can take γo = x1.
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y1 − x1 < y2 − x1 < · · · < yn − x1 < 0 < x2 − x1 < · · · < xm − x1,
so again we can take γo = x1.
If Q1 = [0, a] and Q2 = [−a,0], then
0 xm − x1  a, 0 yn − y1  a, 0 xm − y1  2a.
We have to consider two cases.
Case 1. If xm − yn  a. We have that
−a  y1 − yn < y2 − yn < · · · < 0 x1 − yn < x2 − yn < · · · < xm − yn,
so we can take γo = yn.
Case 2. If xm − yn > a. Taking γo = xm − a, we obtain
xm − γo = a,
x1 − γo = x1 − xm + a −a + a = 0,
so [x1 − γo, xm − γo] ⊂ [0, a].
yn − γo = yn − (xm − a) = −(xm − yn − a) < 0,
y1 − γo = y1 − xm + a −2a + a = −a,
so [y1 − γo, yn − γo] ⊂ [−a,0]. 
Proposition 3.7. Let C be a positive definite Toeplitz–Kreı˘n–Cotlar triplet on (Γ,Q1,Q2,
H1,H2).
(i) If b ∈ Γ and [−b,0] ⊂ Q2 then the function B : [−b, b] → L(H1 ⊕H2) defined by
B(γ ) =
(
C11(γ ) C21(γ − b)
C12(γ + b) C22(γ )
)
is positive definite on [−b, b].
(ii) If b ∈ Γ and [−b,0) ⊂ Q2 then the function B : (−b, b) → L(H1 ⊕H2) defined by
B(γ ) =
(
C11(γ ) C21(γ − b)
C12(γ + b) C22(γ )
)
is positive definite on (−b, b).
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h1 : [0, b] →H1 and h2 : [0, b] →H2 are finite support functions. Then∑
x,y∈[0,b]
〈
B(x − y)h(x),h(y)〉H
=
∑
x,y∈[0,b]
〈
C11(x − y)h1(x), h1(y)
〉
H1 +
∑
x,y∈[0,b]
〈
C21(x − y − b)h2(x), h1(y)
〉
H1
+
∑
x,y∈[0,b]
〈
C12(x − y + b)h1(x), h2(y)
〉
H2 +
∑
x,y∈[0,b]
〈
C22(x − y)h2(x), h2(y)
〉
H2
=
∑
x,y∈Γ
〈
C11(x − y)h1(x), h1(y)
〉
H1 +
∑
x,y∈Γ
〈
C21(x − y)h2(x + b),h1(y)
〉
H1
+
∑
x,y∈Γ
〈
C12(x − y)h1(x), h2(y + b)
〉
H2 +
∑
x,y∈Γ
〈
C22(x − y)h2(x + b),h2(y + b)
〉
H2 .
This sum is nonnegative because C is positive definite, support(h1) ⊂ [0, b] ⊂ Q1 and
support(g2) ⊂ [−b,0] ⊂ Q2, where g2(x) = h2(x + b).
The proof of (ii) is analogous. 
4. The main result
Now we give our main result.
Theorem 4.1. Let Γ be an abelian ordered group and let H1,H2 be a pair of Hilbert spaces.
Suppose that one of the following holds:
(A) Q1 = [0, a] and Q2 = [−a,0], where a ∈ Γ , a > 0.
(B) Q1 = Γ+ and Q2 = Γ−.
(C) Q1 = Γ+ and Q2 = Γ ′−.
If C = (Cαβ) is a positive definite Toeplitz–Kreı˘n–Cotlar triplet on (Γ,Q1,Q2,H1,H2) such
that C11(0) = IH1 and C22(0) = IH2 , then there exist a Hilbert space G, a unitary representation
(Uγ )γ∈Γ of Γ on L(G) and two isometries τα :Hα → G (α = 1,2) such that:
(a) Cαβ(γ ) = τ ∗βUγ τα for γ ∈ Qα −Qβ , α,β = 1,2.
(b) G =∨{Uγ τ1h1: γ ∈ Γ,h1 ∈H1} ∨∨{Uγ τ2h2: γ ∈ Γ,h2 ∈H2}.
(c) If Γ is topological and C is weakly continuous, then Uγ is strongly continuous.
(d) If Γ is locally compact and C is weakly measurable, then Uγ is weakly measurable.
We need some auxiliary results before starting the proof of the theorem.
Let (G,+), with neutral element eG be the dual group of Γ with the discrete topology. Let
C(G) be the space of all continuous scalar-valued functions on G. Let S be the set of all 2 × 2
matrix-valued functions of the form
s =
(
p r
r q
)
,
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support(p̂ ) ⊂ Q1 −Q1 and support(̂q ) ⊂ Q2 −Q2 = Q1 −Q1.
Then S is an operator system, contained in the algebra A = C(G) ⊗M2, where M2 is the
space of the 2 × 2 complex matrices.
Proposition 4.2. Suppose that Q1 = Γ+ and that C = (Cαβ) satisfies the hypothesis of the last
theorem. Let γ1, . . . , γn ∈ Γ be such that γ1 < γ2 < · · · < γn.
Then there exists a positive matrix of operators
A = (Akl)2nk,l=1 ∈ L
(
n⊕
i=1
H1 ⊕
n⊕
i=1
H2
)
such that
Akl =
⎧⎪⎪⎨⎪⎪⎩
C11(γl − γk) if 1 k, l  n,
C22(γl−n − γk−n) if n+ 1 k, l  2n,
C21(γl−n − γk) if γl−n − γk ∈ Q1 −Q2, 1 k  n,n+ 1 l  2n,
C12(γl − γk−n) if γk−n − γl ∈ Q1 −Q2, 1 l  n,n+ 1 k  2n.
Proof. Our proof is based on some results given in [6, Section 3].
Let N be a natural number, according to the terminology of [6] a set Δ contained in {(k, l) ∈
{1, . . . ,N} × {1, . . . ,N}: k  l} is called a quasitriangle if
lk = max
{
l: k N, (k, l) ∈ Δ} k
for each 1 k N and for every (k′, l′) with k  k′  l′  lk , (k′, l′) ∈ Δ.
Let
E = {(k, l): 1 k  l  2n and γl−n − γk ∈ Q1 −Q2 for 1 k  n,n+ 1 l  2n},
we will show that E is a quasitriangle.
Clearly (k, k) ∈ E for 1 k  2n, so lk  k. Suppose that k  k′  l′  lk , where 1 k  2n.
For n + 1  k  2n, lk = 2n. For 1  k  n, lk = k + n if Q2 = Γ− and lk = k + n − 1 if
Q2 = Γ ′−. Therefore E is a quasitriangle.
Let 1  ko  2n, we will show that the block matrix Mko = (Ak′l′)kok′,l′lko is positive.
Suppose that Q2 = Γ−, then
Mko =
⎛⎝ (C11(γl − γk)) k=ko...nl=ko...n (C21(γl−n − γk)) k=ko...nl=n+1...n+ko
(C12(γl − γk−n)) k=n+1...n+ko
l=ko...n
(C22(γl−n − γk−n)) k=n+1...n+ko
l=n+1...n+ko
⎞⎠ .
If we define σi by (σ1, . . . , σn−ko+1) = (γko , . . . , γn) and (σn−ko+2, . . . , σn+1) = (γ1, . . . , γko)
we obtain
Mko =
⎛⎝ (C11(σl − σk)) k=1...n−ko+1l=1...n−ko+1 (C21(σl − σk)) k=1...n−ko+1l=n−ko...n+1
(C12(σl − σk)) k=n−ko...n+1 (C22(σl − σk)) k=n−ko...n+1
⎞⎠ .
l=1...n−ko+1 l=n−ko...n+1
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have that Mko is positive, so the result follows from of [6, Corollary 3.2].
The case Q2 = Γ ′− is analogous. 
Lemma 4.3. Suppose that Q1 = Γ+ and that C = (Cαβ) satisfies the hypothesis of the last theo-
rem. Let L :S → L(H1 ⊕H2) be defined by
L
(
p r
r q
)
=
(∑
γ∈Γ p̂(γ )C11(γ )
∑
γ∈Γ r̂(−γ )C21(γ )∑
γ∈Γ r̂(γ )C12(γ )
∑
γ∈Γ q̂(γ )C22(γ )
)
,
then L is completely positive.
Proof. Note that if Cαβ(γ ) is not defined the corresponding coefficient is null.
Let us consider the discrete topology on Γ .
First we will prove that L is positive. Let s = ( p r
r q
) ∈ S be a positive element. Define Φs :Γ →
L(H1 ⊕H2) by
Φs(γ ) =
(
p̂(γ )C11(γ ) r̂(−γ )C21(γ )
r̂(γ )C12(γ ) q̂(γ )C22(γ )
)
.
Let γ1, . . . , γn ∈ Γ be such that γ1 < γ2 < · · · < γn. We will show that the operator valued
matrix (Φs(γl − γk))nk,l=1 is positive.
Note that
(
Φs(γl − γk)
)n
k,l=1 =
⎛⎜⎜⎝
Φs(e) Φs(γ2 − γ1) . . . Φs(γn − γ1)
Φs(γ1 − γ2) Φs(e) . . . Φs(γn − γ2)
...
...
...
Φs(γ1 − γn) Φs(γ2 − γn) . . . Φs(e)
⎞⎟⎟⎠
and
Φs(γl − γk) =
(
p̂(γl − γk)C11(γl − γk) r̂(γk − γl)C21(γl − γk)
r̂(γl − γk)C12(γl − γk) q̂(γl − γk)C22(γl − γk)
)
.
Applying the canonical shuffle to (Φs(γl − γk))nk,l=1 (see [26, p. 97] for details), we obtain
the following matrix:
Ψ =
(
(p̂(γl − γk)C11(γl − γk))nk,l=1 (̂r(γk − γl)C21(γl − γk))nk,l=1
(̂r(γl − γk)C12(γl − γk))nk,l=1 (̂q(γl − γk)C22(γl − γk))nk,l=1
)
.
Let A = (Akl)2nk,l=1 be as in Proposition 4.2 and let
R =
(
(p̂(γl − γk))nk,l=1 (̂r(γk − γl))nk,l=1
n n
)
.(̂r(γl − γk))k,l=1 (̂q(γl − γk))k,l=1
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(
p r
r q
)
is positive.
Since support(p̂ ), support(̂q ) ⊂ Q1 − Q1 and support(̂r) ⊂ Q1 − Q2, we have that Ψ is the
Schur product of the matrices R and A, so Ψ and Φs are positive.
Therefore Φs is a positive definite function and
Φ̂s(eG) =
∑
γ∈Γ
Φs(γ ) = L
(
p r
r q
)
is positive.
Now we will prove that L is completely positive. Let N be a positive integer, let MN be the
space of the N × N complex matrices and let LN :A⊗MN →A⊗MN be the map induced
by L (see [26, p. 25] for details).
Let ς = (sij )Ni,j=1 be a positive element of A⊗MN . We have that
sij =
(
pij rij
rij qij
)
,
where support(p̂ij ), support(q̂ij ) ⊂ Q1 −Q1 and support(r̂ij ) ⊂ Q1 −Q2.
Define Φς :Γ → L(⊕Ni=1H1 ⊕H2) by
Φς(γ ) =
((
p̂ij (γ )C11(γ ) r̂ij (−γ )C21(γ )
r̂ij (γ )C12(γ ) q̂ij (γ )C22(γ )
))N
i,j=1
.
Let γ1, . . . , γn ∈ Γ be such that γ1 < γ2 < · · · < γn. As before will show that the operator-
valued matrix (Φς(γl − γk))nk,l=1 is positive.
Let A = (Akl)2nk,l=1 be as in Proposition 4.2. Consider
(
Φς(γl − γk)
)n
k,l=1
=
(((
p̂ij (γl − γk)C11(γl − γk) r̂ij (γk − γl)C21(γl − γk)
r̂ij (γl − γk)C12(γl − γk) q̂ij (γl − γk)C22(γl − γk)
))N
i,j=1
)n
k,l=1
.
Applying the canonical shuffle, we obtain the following matrix:
((
(p̂ij (γl − γk)C11(γl − γk))nk,l=1 (r̂ij (γk − γl)C21(γl − γk))nk,l=1
n n
))N
(r̂ij (γl − γk)C12(γl − γk))k,l=1 (q̂ij (γl − γk)C22(γl − γk))k,l=1 i,j=1
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(p̂ij (γl − γk))nk,l=1 (r̂ij (γk − γl))nk,l=1
(r̂ij (γl − γk))nk,l=1 (q̂ij (γl − γk))nk,l=1
))N
i,j=1

⎛⎝A A . . . A... ... ... ...
A A . . . A
⎞⎠ ,
where  denotes the Schur product. The matrices((
(p̂ij (γl − γk))nk,l=1 (r̂ij (γk − γl))nk,l=1
(r̂ij (γl − γk))nk,l=1 (q̂ij (γl − γk))nk,l=1
))N
i,j=1
and ⎛⎝A A . . . A... ... ... ...
A A . . . A
⎞⎠= A⊗
⎛⎝ I I . . . I... ... ... ...
I I . . . I
⎞⎠
are positive, so (Φς(γl − γk))nk,l=1 is positive.
Therefore LN(ς) = Φ̂ς (eG) =∑γ∈Γ Φς(γ ) is positive. 
Proof of Theorem 4.1. For the proof of (a) and (b) we need to consider two cases.
Case 1. Q1 = [0, a]. Consider the function B : [−a, a] → L(H1 ⊕H2) defined by
B(γ ) =
(
C11(γ ) C21(γ − a)
C12(γ + a) C22(γ )
)
.
By Proposition 3.7(i) it follows that B is positive definite on [−a, a] and by [8, Theorem 2.1]
(with a natural modification in order to consider a closed interval) it follows that B can be ex-
tended to a positive definite function F :Γ → L(H1 ⊕H2).
If F = (Fαβ)αβ=1,2, then the function
F˜ (γ ) =
(
F11(γ ) F21(γ − a)
F12(γ + a) F22(γ )
)
is also positive definite on Γ , so there exists a Hilbert space G, a unitary representation (Uγ ) of
Γ on L(G) and a bounded operator R :H1 ⊕H2 → G such that
F˜ (γ ) = R∗UγR.
Let iα :Hα → H1 ⊕ H2 be the canonical immersion and let γ ∈ [−a, a]. We have that
Cαα(γ ) = i∗αR∗UγRiα , since Cαα(0) = IHα , τα = Riα is an isometric operator. We also have
that C12(γ + a) = τ ∗2 Uγ+aτ1, so C12(σ ) = τ ∗2 Uσ τ1, for σ ∈ [0,2a], in the same way the result
is obtained for C21.
In order to obtain the minimality condition it is enough to replace G by∨
{Uγ τ1h1: γ ∈ Γ, h1 ∈H1} ∨
∨
{Uγ τ2h2: γ ∈ Γ, h2 ∈H2}.
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Stinespring representation result (see [7,26,32]) it follows that there exists a Hilbert space F ,
a unital homomorphism Π :C(G) ⊗M2 → L(F) and a bounded operator J :H1 ⊕H2 → F
such that
L˜(g) = J ∗Π(g)J
for all g ∈ C(G)⊗M2.
Define 1 :G → C by 1(ξ) = 1, then 1 is the neutral element of C(G). Since
J ∗J = J ∗Π
(
1 0
0 1
)
J = L˜
(
1 0
0 1
)
= L
(
1 0
0 1
)
=
(
IH1 0
0 IH2
)
= IH1⊕H2,
we have that J is an isometry.
For γ ∈ Γ let γ :G → C defined by γ (ξ) = ξ(γ ), then γ1+γ2 = γ1γ2 and 0Γ = 1. Take
Vγ = Π
(
γ 0
0 γ
)
and T = Π
(
0 0
1 0
)
then Vγ is a unitary representation of Γ on L(F) and Vγ T = T Vγ . Since ‖Π‖ = 1 we have that
T is a contraction (see [26, p. 7]).
Let Wα = J iα for α = 1,2. Then
W ∗αVγWα = i∗αJ ∗Π
(
γ 0
0 γ
)
J iα = i∗αL˜
(
γ 0
0 γ
)
iα = Cαα(γ ).
Take P = Π( 0 00 1), then P 2 = P and P ∗ = P , so P is an orthogonal projection. If h2 ∈H2,
then
‖PJ i2h2‖2F = 〈PJ i2h2,PJ i2h2〉F =
〈
i∗2J ∗PJ i2h2, h2
〉
H1⊕H2
=
〈
i∗2L
(
0 0
0 1
)
i2h2, h2
〉
H1⊕H2
=
〈
i∗2
(
0 0
0 IH2
)
i2h2, h2
〉
H1⊕H2
= ‖h2‖2H2 .
Since P is an orthogonal projection and ‖PJ i2h2‖F = ‖h2‖H2 = ‖J i2h2‖F , it must be
PJ i2h2 = J i2h2.
Note that
Vγ T = Π
(
γ 0
0 γ
)(
0 0
1 0
)
= Π
(
0 0
γ 0
)
= Π
(
0 0
0 1
)(
0 −γ
γ 0
)
= PΠ
(
0 −γ
γ 0
)
.
If h1 ∈H1, h2 ∈H2 and γ ∈ Q1 −Q2, then
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W ∗2 Vγ TW1h1, h2
〉
H2 =
〈
PΠ
(
0 −γ
γ 0
)
J i1h1, J i2h2
〉
F
=
〈
Π
(
0 −γ
γ 0
)
J i1h1,PJ i2h2
〉
F
=
〈
Π
(
0 −γ
γ 0
)
J i1h1, J i2h2
〉
F
=
〈
J ∗Π
(
0 −γ
γ 0
)
J i1h1, i2h2
〉
H1⊕H2
=
〈
L
(
0 −γ
γ 0
)
i1h1, i2h2
〉
H1⊕H2
=
〈(
0 C21(−γ )
C12(γ ) 0
)
i1h1, i2h2
〉
H1⊕H2
= 〈C12(γ )h1, h2〉H2 .
We have proved that, for α = 1,2
Cαα(γ ) = W ∗αVγWα for γ ∈ Γ,
and
C12(γ ) = W ∗2 Vγ TW1 for γ ∈ Q1 −Q2.
From Lemma 2.3 we obtain (a) and (b).
Finally for the proof of (c) and (d), take b ∈ Γ such that b > 0 and [−b,0) ⊂ Q2 and consider
the function B : [−b, b] → L(H1,H2) defined by
B(γ ) =
(
C11(γ ) C21(γ − b)
C12(γ + b) C22(γ )
)
.
According to Proposition 3.7 we have that B is a positive definite function on (−b, b). The
function
F(γ ) =
(
τ ∗1 Uγ τ1 τ ∗1 Uγ−bτ2
τ ∗2 Uγ+bτ1 τ ∗2 Uγ τ2
)
=
(
τ ∗1 Uγ τ1 τ ∗1 UγU−bτ2
τ ∗2 UγU∗−bτ1 τ ∗2 Uγ τ2
)
is an extension of B to Γ and, from Lemma 2.3, it follows that F is positive definite. If C is
weakly continuous then B is weakly continuous and if C is weakly measurable then B is weakly
measurable, and (−b, b) is a neighborhood of 0, so from Proposition 2.2 and Lemma 2.3 we
obtain (c) and (d). 
Remark 4.4. The case Q1 = Γ+, Q2 = Γ− of Theorem 4.1 can also be obtained using [9, Theo-
rem 2.2] and [14, Theorem 2].
Remark 4.5. In the case Γ = Z, Q1 = Z+, Q2 = Z−, H1,H2 general Hilbert spaces, we obtain
Theorem I.1 of [1].
In the case Γ = Zn or Γ = R × Zn with the lexicographic order, the functions Cαβ weakly
continuous and Q1 = Γ+ we obtain Theorems 4 and 5 of [14].
Theorem 4.1 also allows us to obtain in a unified way other previous results, details will be
given in Section 6.
For the case Q2 = [−a,0), we have the following result.
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quence {εn} ⊂ Γ such that limn→∞ εn = 0.
Let C = (Cαβ) be a weakly continuous positive definite Toeplitz–Kreı˘n–Cotlar triplet on
(Γ, [0, a], [−a,0),H1,H2) such that C11(0) = IH1 and C22(0) = IH2 . Then there exist Hilbert
space G, a strongly continuous unitary representation (Uγ )γ∈Γ of Γ on L(G) and two isometries
τα :Hα → G such that:
(a) Cαβ(γ ) = τ ∗βUγ τα for γ ∈ Qα −Qβ , α,β = 1,2.
(b) G =∨{Uγ τ1h1: γ ∈ Γ, h1 ∈H1} ∨∨{Uγ τ2h2: γ ∈ Γ, h2 ∈H2}.
Proof. The idea of the proof is to extend (Cαβ) to a positive definite Toeplitz–Kreı˘n–Cotlar
triplet on (Γ, [0, a], [−a,0],H1,H2) and then use the main result.
From Proposition 3.7 it follows that the function B : (−a, a) → L(H1 ⊕H2) defined by
B(γ ) =
(
C11(γ ) C21(γ − a)
C12(γ + a) C22(γ )
)
is positive definite on (−a, a).
The function B (see [8]) can be extended to a positive definite function F on the whole
group Γ . Since C is weakly continuous we have that F is weakly continuous, thus C12 can be
extended to a weakly continuous function ψ on [0,2a].
Consider the Toeplitz–Kreı˘n–Cotlar triplet (C˜αβ) on (Γ, [0, a], [−a,0],H1,H2) given by
C˜αα = Cαα and C˜12 = ψ . Since C is positive definite and (C˜αβ) is weakly continuous, from
Lemma 3.6 and the existence of the sequence {εn}, it follows that (C˜αβ) is positive definite.
Applying Theorem 4.1 to (C˜αβ) the result follows. 
5. A representation result
Let f be a complex-valued positive definite function, measurable in the Lebesgue sense on a
Euclidean space. Riesz [28] proved that f = f c + f 0, where f c is a continuous positive definite
function and f 0 is zero almost everywhere. Crum [19] established the interesting result that f 0
is also positive definite.
Crum’s result was generalized by Devinatz [20] for functions, with values in the set of
bounded operators on a separable Hilbert space, which are weakly measurable and positive defi-
nite on a locally compact group with a left invariant measure.
An analogous result for representation of generalized Toeplitz kernels on an interval of R was
given in [13].
Now we give our main representation result for Toeplitz–Kreı˘n–Cotlar triplets.
Theorem 5.1. Let Γ be a locally compact abelian ordered group and let H1, H2 be a pair of
separable Hilbert spaces.
Suppose that one of the following holds:
(A) Q1 = [0, a] and Q2 = [−a,0], where a ∈ Γ , a > 0.
(B) Q1 = Γ+ and Q2 = Γ−.
(C) Q1 = Γ+ and Q2 = Γ ′−.
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(Γ,Q1,Q2,H1,H2) such that C11(0) = IH1 and C22(0) = IH2 , then there exist two Toeplitz–
Kreı˘n–Cotlar triplets on (Γ,Q1,Q2,H1,H2), Cc = (Ccαβ) and C0 = (C0αβ) such that:
(a) Cαβ = Ccαβ +C0αβ for α,β = 1,2.
(b) Cc = (Ccαβ) is definite positive and weakly continuous.
(c) C0 = (C0αβ) is positive definite and each C0αβ is zero locally almost everywhere.
Proof. From Theorem 4.1 there exist Hilbert space G, a weakly measurable unitary representa-
tion (Uγ )γ∈Γ of Γ on L(G) and two isometries τα :Hα → G such that Cαβ(γ ) = τ ∗βUγ τα for
γ ∈ Qα −Qβ , α,β = 1,2.
From Lemma 2.3 it follows that the function F : Γ → L(H1 ⊕H2) defined by
F(γ ) =
(
τ ∗1 Uγ τ1 τ ∗1 Uγ τ2
τ ∗2 Uγ τ1 τ ∗2 Uγ τ2
)
,
is positive definite. Since (Uγ )γ∈Γ is weakly measurable, F is weakly measurable, so from the
main result of [20] it follows that there exist two functions Fc :Γ → L(H1 ⊕H2) and F 0 :Γ →
L(H1 ⊕H2) such that:
(a) F = Fc + F 0;
(b) Fc is positive definite and weakly continuous;
(c) F 0 is positive definite and zero locally almost everywhere.
Considering Ccαβ = τ ∗βF cτα and C0αβ = τ ∗βF 0τα we obtain the result. 
6. Corollaries
As we said the concept of Toeplitz–Kreı˘n–Cotlar triplet is inspired in the notion of generalized
Toeplitz kernels which was introduced in [16], where a generalization of the Herglotz theorem
for such kernels and applications to the Helson–Szegö theorem were obtained.
The results proved in this paper allow us to obtain in a unified way several previous results,
we will detail some of this corollaries.
Generalized Toeplitz kernels
Let (Ω,+) be a locally compact abelian group and let H be a Hilbert space. Recall that an
operator-valued Toeplitz kernel on Ω is a function K :Ω × Ω → L(H) such that there exists a
function k :Ω → L(H) such that
K(x,y) = k(x − y)
for all (x, y) ∈ Ω .
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scalar-valued positive definite Toeplitz kernel on Ω , then there exists a Borel measure μ defined
on the dual G of Ω such that
K(x,y) = μ̂(x − y) =
∫
G
(x − y, ξ) dμ(ξ)
for every x, y ∈ Ω . This measure μ is called the spectral measure of the kernel K .
Through this section Γ is a locally compact abelian ordered group, and
D1 = Γ+, or D1 = [0, a] = {x ∈ Γ : 0 x  a},
where a ∈ Γ , a > 0. Also
D2 = −D1 \ {0} and D = D1 ∪D2.
Note that if D1 = Γ+, then D2 = {γ ∈ Γ : γ < 0} and D = Γ , if D1 = [0, a], then D2 =
[−a,0) and D = [−a, a].
For convenience we will use the following notation Γ1 = Γ+, Γ2 = Γ− \ {0}.
Definition 6.1. A generalized Toeplitz kernel on D is a function K , with domain D × D, such
that there exist four functions kαβ :Dα −Dβ → L(Hα,Hβ), α,β = 1,2, such that
K(x,y) = kαβ(x − y)
for every (x, y) ∈ Dα ×Dβ for α,β = 1,2 and k12(γ ) = k21(−γ )∗ if γ ∈ D1 −D2.
Definition 6.2. We shall say that the generalized Toeplitz kernel k is positive definite if
2∑
α,β=1
∑
(x,y)∈Dα×Dβ
〈
kαβ(x − y)hα(x),hβ(y)
〉
Hβ  0
for all pair of functions hα :Dα →Hα with finite support.
The generalized Toeplitz kernel K is said to be weakly continuous if all the functions kαβ are
weakly continuous.
We can obtain the following generalization of the Herglotz–Bochner–Weil theorem which was
given in [21].
Corollary 6.3. If K is a continuous positive definite scalar-valued generalized Toeplitz kernel on
Γ then there exists a matrix μ= (μαβ)α,β=1,2  0 of finite Borel measures on G, the dual group
of Γ , such that
K(x,y) =
∫
G
(x − y, ξ) dμαβ(ξ)
for every (x, y) ∈ Γα × Γβ , for α,β = 1,2.
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Γ+ \ {0}. Consider the Toeplitz–Kreı˘n–Cotlar triplet on (Γ,Γ1,Γ2,C,C) defined by
Cαα(γ ) = kαα(γ ) for γ ∈ Γ, α = 1,2,
C12(γ ) = k12(γ ) for γ ∈ Γ+ \ {0}.
We have that (Cαβ) is positive definite and continuous, so from Theorem 4.1 it follows that
there exist a Hilbert space G, a strongly continuous unitary representation (Uγ )γ∈Γ of Γ on
L(G) and two isometries τα :C → G such that
Cαβ(γ ) = τ ∗βUγ τα for γ ∈ Γα − Γβ, α,β = 1,2.
Let {Eξ } be the spectral measure of the group (Uγ )γ∈Γ , then
Uγ =
∫
G
(γ, ξ) dEξ .
So, for x ∈ Γα , y ∈ Γβ ,
kαβ(x − y) =
∫
G
(x − y, ξ)τ ∗β dEξτα.
Define μαβ(Δ) = τ ∗βE(Δ)τα, it is easy to verify that this is a positive matrix of scalar-valued
measures, thus we have the result.
The general case k11(0) = r1  0, k22(0) = r2  0 is reduced to the previous case, for example
if r1 > 0 and r2 > 0 we consider a new positive definite generalized Toeplitz kernel K˜ defined
by
k˜αβ = 1√
rαrβ
kαβ. 
Remark 6.4. The case Γ = Z of this result corresponds with the generalized Herglotz theorem
and the case Γ = R of this result corresponds with the generalized Bochner theorem (see [5,16]).
The general case corresponds with [21, Theorem 6].
From Theorem 4.6 we obtain the following result.
Corollary 6.5. Suppose that Γ contains a strictly decreasing sequence {εn} ⊂ Γ such that
limn→∞ εn = 0.
If K is a weakly continuous positive definite generalized Toeplitz kernel on D such that
k11(0) = IH1 and k22(0) = IH2 , then there exist Hilbert space G, a strongly continuous unitary
representation (Uγ )γ∈Γ of Γ on L(G) and two isometries τα :Hα → G such that:
(a) kαβ(γ ) = τ ∗βUγ τα for γ ∈ Dα −Dβ , α,β = 1,2.
(b) G =∨{Uγ τ1h1: γ ∈ Γ, h1 ∈H1} ∨∨{Uγ τ2h2: γ ∈ Γ,h2 ∈H2}.
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continuous of this result was given in [17], see also [12, Theorem 11].
The case Γ = R, D1 = R+ or D1 = [0, a], H1,H2 general Hilbert spaces and the functions
Cαβ weakly continuous of this result corresponds with [12, Theorem 11].
With similar arguments to the proof of Corollary 6.3 and using Theorem 4.6, we obtain the
following result.
Corollary 6.7. Suppose that Γ contains a strictly decreasing sequence {εn} ⊂ Γ such that
limn→∞ εn = 0.
If K is a continuous positive definite scalar-valued generalized Toeplitz kernel on [0, a], then
there exists a matrix μ= (μαβ)α,β=1,2  0 of finite Borel measures on G, the dual group of Γ ,
such that
K(x,y) =
∫
G
(x − y, ξ) dμαβ(ξ)
for every (x, y) ∈ Γα × Γβ , for α,β = 1,2.
Remark 6.8. The case Γ = R of this result corresponds with [12, Theorem 4].
Remark 6.9. Case (C) of Theorem 4.1 corresponds with an operator-valued generalized Toeplitz
kernel on Γ .
Extension and representation of positive definite functions
If H is a Hilbert space and we have a positive definite function f : [−a, a] → L(H), then the
Toeplitz–Kreı˘n–Cotlar triplet (Cαβ) on (Γ, [0, a], [−a,0],H,0) defined by
C11(γ ) = f (γ ), C22(γ ) = 0, C12(γ ) = 0
is positive definite.
Therefore, from Theorems 4.1 and 5.1 we obtain the following result.
Corollary 6.10. Let H be a Hilbert space and let f : [−a, a] → L(H) be a positive definite
function. It holds:
(a) f has a positive definite extension f˜ to the whole group Γ .
(b) If Γ is a topological group and f is weakly continuous then any positive definite extension
of f is weakly continuous.
(c) If Γ is a locally compact group and f is weakly measurable then any positive definite exten-
sion of f is weakly measurable.
(d) If Γ is a locally compact group,H is separable and f is weakly measurable then there exist
two positive definite functions f c : [−a, a] → L(H) and f 0 : [−a, a] → L(H) such that:
(i) f = f c + f 0;
(ii) f c is weakly continuous;
(iii) f 0 is zero locally almost everywhere.
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(i) By Kreı˘n for the case Γ = R and f scalar-valued and continuous [24].
(ii) In [23], for Γ = R and f a weakly continuous operator-valued function.
(iii) In [15], for the case Γ = Zn or Γ = R × Zn with the lexicographic order and f a weakly
continuous operator-valued function.
(iv) In [8], for a general ordered group and f an operator-valued function.
Part (d) is a local extension of a result in [20].
Commutant lifting
Combining Theorems 4.1 and 2 of [14] we obtain the following result which was proved
in [9].
Corollary 6.12. For α = 1,2 let Hα be Hilbert spaces and (Wα(ω))ω∈Γ1 ⊂ L(Hα) be two
strongly continuous semigroups of contractions. Let (Vα(ω))ω∈Γ1 ⊂ L(Fα) be the minimal iso-
metric dilation of (Wα(ω))ω∈Γ1 . Let X ∈ L(H1,H2) be such that XW1(ω) = W2(ω)X for all
ω ∈ Γ1, then there exists Y ∈ L(F1,F2) such that:
(i) YV1(ω) = V2(ω)Y for all ω ∈ Γ1;
(ii) PF2H2Y = XP
F1
H1 ;
(iii) ‖Y‖ = ‖X‖,
where PFH denotes the orthogonal projection of the Hilbert spaceF on the Hilbert spaceH whenH and F are subspaces of a larger Hilbert space, in particular when H⊂F .
Remark 6.13. For the case Γ = Z, this is the commutant lifting theorem, proved in [33], see also
[34].
For the case Γ = R, this theorem was proved in [2].
For the case Γ = Zn and Γ = R × Zn with the lexicographic order, this theorem was proved
in [14].
For a general ordered group, this theorem was proved in [9].
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